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So far we have applied divide and conquer to arithmetic problems :

• Karatsuba : faster integer multiplication (n'→ n
1%3)

• Strassen : faster matrix multiplication ( n's→ n'0927)

Today we apply divide and conquer to common tasks on lists :

① sorting

② finding the median



SORTING : given a list of numbers a . . . . .,an , output them in increasing order .

(or decreasing)

Idea is to ① split the list into two halves

④ tewrsively sort each half

merge the two sorted halves

MERGESORT (ay . . .

,
an) : = I

. if n-- I
,
return a ,

2 . SL :-. MERGE SORT (Ai, .. ., Angel

3 . Sr : = MERGESORT(Ankh , .. . , an )

h .
S = merge Isi ,Sr)

5
. return s

How to implement merge ? Take smaller element from the two sorted lists and repeat .
Ex :

3 7 10 13 IS } z z f 7 10 11 13 1h IS 15
2. 6 11 14 15

Hence merge (se ,Sr) runs in time 0( Isnt Brl ) .

(Each iteration compares two elements and removes eone . )



The running time is Th ) -- 2.TCF) toCn ) ,
balanced case :

work at each of logion levels is nd

By the Master Theorem on Recurrences : a-- 2
,
b--I
,
d -- I ⇒ ft -- Zz, = I =D O (nd logbn) --Olnlogn ) .

All the
"

real work
"

is in merging , as nothing happens till the recursion hits the base case .
This naturally leads to an iterative algorithm that maintains a queue ox lists :

-

There are 0110g n) passes , each taking time OH,
-

which double the size of the lists on the queue .pass # I ,

"""
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- me
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Q : can we do better than mergesort
? No and Yes

Ne: mergesort is a comparison sort ,
i. e
, an algorithm in which the only operation

performed on the input elements are comparisons ( their values are otherwise ignored)

theorem: Any comparison sorting algorithm requires A lnlogn ) comparisons
to sort lists of n elements .

So merge sort is optimal among comparison sorting algorithms.

YEE there are sorting algorithms that are not solely based on comparisons .

For example , if the elements are w bits long, then :

• radix sort uses OC won ) bit operations
•

merge sort uses 0 (w . n . logn) bit operations (a comparison costs Ocw) bit operations)

There are many sorting algorithms and the
"

best
"

one depends on the application .

( Data resides in RAM vs disk
, mergesort works

better on linked lists
,
. . . )



Back to theorem: Any comparison sorting algorithm requires A Cnlogn ) comparisons
to sort lists of n elements .

Fix an algorithm A . Whoa focus on input lists a" .... an where elements are distinct .

The computation of A on ai
, .. .,
an defines a permutation IT:[nthn] (the output is Aaa,.am, . .. . ,Ann,).

Every permutation is a possible output .

Let S denote the set of possible permutations at a given point in A 's computation .

Before algorithm starts : 1st -- I {all possible permutations} I = n !

At each comparison : if aicaj then s ↳S , s

if ai > a; then stssz
£

Aicaj
Since Siu 52=5 , we know that 1913/9/2 or 1521>151/2 .

'

Esf ↳NO

so a comparison divides possible outputs by at most 2 . aicaj , Ain cajn

Hence
,

"

# of comparisons until 1st ,
" I b t t

> login ! ) -3 log, (F)
"

= nlogn - nlogze -
- th (nbgn) th ' - -

s,
the ti

-

Iz Tk's

Note this is a worst - case lower bound ( depth of deepest leaf is orfnlogn) ) ,
but can be improved to an ave#se lower bound (average depth

of heat is ohlnlogn) )



MEDIAN FINDING :

given S
-

- {a . . . . . . an 3 output median (S) : =
"

AES St . half of S is smaller S half of S is bigger
"

How is mediants) different from average = i' ai)/n ?

Ex : ( l
, 1,17 → avg

-

- I median -- I median is one of the elements
,

C l
, 1,10 ) → avg = 4 median = , and is less sensitive to outliers

( H , too) → avg
-

- 34 median -
- l

( I
,
1,1000) -D avg = 334 median =/

How to compute median ?

Ideal : sort and take middle element - O ( nlogn)

Idea 2: we do Not care about the order of elements above and below the median

we use divide and conquer to solve a harder problem :A
analogous to how

selection input : set of numbers S, index KEEN strong induction can
output : K- th smallest element in S simplify recursion

Note : K -- IL -- Z is the median ( some def 's average two middles when S is event



Idea : pick AES and splits into Sc := felts in s smaller than a3
Sa: -- felts in S equal to a }
Sr.-= felts in S greater than a }

Then tewrse in a straightforward way .

Select ( S
.
K ) : = . pick aE S and compute Sc

,
Sa
, Sr } can split in linear time

• if Ks Isd then Select ( Sc
,
K )

• if 154 a KEI sett tSal then return a
• if Isil H Sak k then Select ( Sr

,
K - Bel - Kal )

we go from list size 151 to list site max ( Kal , Isr 13 .
How to pick a ?

Bad case is if a is always the largest for smallest ) element of the current set :
O ( n ) to(n - t ) to ( n -2) t . . . = O (ng

Good case is if a always splits S roughly in half : Isil , Isr 1=151/2
In this case we get the recurrence Tcn ) = T ( nh) t Ocn ) = O Cn)

Problem : picking AES as above requires . . - finding median !



Idea : pick at S at random !
a

We say that a is good if a is between 25th and 7-5th percentiles :¥-13
251. 75%

When a is good , the new set shrinks by a constant factor :

max { Isil , IsrBE fist .
There are many good elements :

a

La is good ] --I .

So in expectation it takes 2 tries to get a good a .

time to check time to split S
The expected running time is : if a is good according to the chosen a

- -

ET(n) s ETCE - n ) t E [ time to find good a ] . Oln) t Ocn)
= ET ( E. n ) t 2 . OCn)

= ET ( Z . n) t OG)
= Oln )

g
with a c- S chosen at random until it is good

On any input S and integer k , Select CS, k ) returns the correct answer
in a number of steps that is Ocn) in expectation .


